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Magnetic response of local moments in disordered metals
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Abstract, We study the magnetic response properties of both site and spatially disordered
Anderson~Hubbard models via a random-phase-type approximation for collective excitations
about stable, inhomogeneons mean-field ground states. For the site-disordered model, zero-
temperature transitions between paramagnetic, disordered antiferromagnetic and spin-glass-like
ground states are examined. Within broken symmetry phases, a microscopic picture of the
response of the inhomogeneous distribution of local magnetic moments {0 an external field is
obtained, and the role of disorder in leading to a strong site differential enhancement in local
susceptibilities is highlighted. .

1. h&oducﬁon

The interplay between disorder and electron interactions, in governing electronic and
magnetic properties of disordered solids, is a fundamental problem in condensed matter
theory to which a rich variety of theoretical approaches has been developed over the last
decade or more; see e.g. [1,2] and references therein. Central to this endeavour is an
understanding of the role of local magnetic moments occurring in disordered metals with
delocalized charge carriers, each arising from the same ‘set’ of electrons.

Among the. simplest models with which to investigate these matters are one-band
Anderson—Hubbard models (AHM), specified by the Hamiltonian

H = Ze,-n,-a - E’tijcgdcjg + U Zn,-.,.n,-_ (1.1)
0o ij.¢ i

(in standard notation), with interactions embodied in the on-site Hubbatd . The quenched
disorder may enter either via (a) site disorder [3-9] in the distribution of site energies {¢;}
or (b} spatial disorder [10-12] in the site centres of mass, leading to off-diagonal disorder
in the one-electron transfer matrix elements {#;}. Both types of AHM (at half filling} will
be considered in this paper, with an emphasis on the former.

The general strategy we adopt is in principle straightforward, and twofold. First, for
a given disorder realization at any chosen point in the disorder—interaction plane, to treat
disorder exactly (via numerical study) and ascertain mean-field ‘saddle point’ solutions at
the level of spin-rotationally invariant, fully- unrestricted Hartree-Fock (UHF), and second,
to examine the response properties of, and collective excitations about, the broken symmetry
disordered mean-field states via a random phase approximation (RPA) in its general form;
this enables, via loop expansions, subsequent study of the feedback of quantum spin
fluctuations. Such an approach is natural in many respects, and has proven very successful
for the half-filled pure Hubbard model on the d = 2 dimensional square lattice, even (and
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particularly} in the strong-coupling regime; see e.g. [13, 14]. A central point is of course
the stability of the broken symmetry mean-field state: only if this is properly stable against
particle-hole excitations will fluctuations about it, treated at RPA level, be bounded [15];
and a necessary condition for such is the use of spin-rotationally invariant UHF,

In a previous paper [8] we have studied, at UHF level alone, a site-disordered AHM
on a 4 = 3 simple cubic lattice, with nearest-neighbour hopping matrix elements #; = ¢,
and with the site energies regarded as independent random variables drawn from a common
Gaussian distribution, g(¢), of variance A2. The model is specified simply by (i) the scaled
interaction strength 7 = U/B with B = 12¢ the electronic bandwidth of the unperturbed
(U = 0 = A) simple cubic lattice, and (ii) A = A/ B, a scaled measure of the site disorder.
At half filling, magnetic and electric phases in the (A, IJ) plane were deduced by direct
sampling of a range of possible broken symmetry UHF states. Particular emphasis was
given to site differential resolution of a wide range of physical properties, which is central
in developing a microscopic picture of the interplay between disorder and interactions; even
at mean-field level this leads, for example, to a suggestion of two-fluid-like segregation of
charge carriers and local magnetic moments.

‘In the present paper we study the corresponding magnetic response properties of the
disordered local moment phases, at RPA Jevel. Linear response properties of the mean-field
states, and the generalized RPA susceptibility matrix, are outlined and discussed formally
in section 2. In section 3 we analyse both the phase boundary to local moment formation
and the disordered antiferromagnet/spin glass transition via an RPA stability analysis. We
turn to the inhomogenecus magnetic response of the system in section 4, as reflected in
the distribution of local magnetic susceptibilities, and focus on the evolution with disorder
(at constant U7} as it is increased through the metal towards a metal—gapless) insulator
transition. Disorder, in producing a range of local environments, leads naturally to local
moment formation on an inhomogeneous scale. In addition, however, while the mean-field
local moments themselves vary only little as disorder is increased, a strong disorder-induced
enhancement of the local susceptibilities for moment carrying sites is found. This has
significant implications for observable Knight shifts and the bulk magnetic susceptibility.
To ensure the findings are not specific to the site-disordered AHM, we discuss briefly a
corresponding study of the spatiafly disordered model directly applicable to e.g. doped
semiconductors.

2. UHF+RPA

For any given disorder realization, the fully unrestricted Hartree~Fock (UHF) Hamiltenian
corresponding to a generic AHM is given by

H="ame — 3 tijclycie +U Y {47un; —25; - 5 2.1)
L

ijo i

where n; = 3 n;, is the local charge operator, S; is the (vector) spin operator for site {, and
the overbars denote an expectation value over the T = 0 UHF ground state. The UHF state
is of course a single determinant, formed by occupying the UHF single-particle states {[\W,}}
up to the Fermi level, F. Quasiparticle states are expanded in terms of the local site spin-
orbitals {|¢i}}, namely |W,) = 3,  Giaelthis); and note that the W} are not constrained
to be pure spin-orbitals (as is necessary to guarantee spin-rotational invariance). Since
H® = H({#;, Si}), a self-consistent solution is naturally required: HO|\W,) = E,|¥,),
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together with the sclf—conéistency equations

=Y Aot A, ' (2.2a)
a<F
A =Y Aig=Y. (Z la,-aalz) (2.26)
o o a<F . )
where A;, is the column vector
A = ( “‘“’T) (2.26)
Qig]

and o* (i = x, y, z) are the Pauli matrices.

These equations specify the most general, spin-rotationally invariant, form of UHF.
We refer to this as ‘Heisenberg spin” UHF meaning that, in a broken symmetry local
moment regime, the possibility of non-collinear mean-field spin configurations is permitted.
Self-consistent broken symmetry UHF solutions obtained thereby may, however, be purely
Ising-like with fully collinear mean-field spins/local moments. This occurs for the site-
disordered model at half filling, and throughout the disorder—interaction plane (A, ) [8].
The simplifications arising ir this case will be discussed in section 2.2; for the present we
consider the general case of Heisenberg-like mean-field soluticns.

2.1. Linear response

Collective excitations about the UHF state may be obtained by considering directly the
linear response of any UHF state to the application, at time ¢ = 0, of an arbitrary
space-. and time-dependent external magnetic field, {**h,(z)}, via the Zeeman coupling
H, = g> ;8 “h(r), with g = 2 the electronic g-factor. For ¢ > 0, the expectation
values entering equation (2.1} naturally acquire a time dependence, expressed by

| B0 =8+850) W) =i+ 5. | @3)
The Hamiltonian may then be written as -
Hoy=H'+H @) : : (24)

with H° the unperturbed UHF Hamiltonian (2.1). H £(t) carries all the ¢ deperndence and
is given by-

Hi(t)=¢ Z Si - hi(t) +3U Z ni87; 2). @2.5)
Here, h;(t) is the rotal magnetic field at site {, consisting of the external plus an 1nduced
(internal) field,

hi(t) = “hi(t)+ "hi(t) 2.6)

where b () = —U55,(2).

The response of the UHF state to the applied field is characterized by the time evolution
of §5;,(t) and 87i;(2); and we seek the linear response of the system to the total field. From
standard linear response theory [16], this is given by

506 =~ [ & O0u@). BEGN0) T en
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where |0) denotes the unperturbed UHF state, and Og(f) = &4 0 e~H#, Evaluation
of equation (2.7) yields, after lengthy algebra, the frequency (w) dependence of the field-
induced local magnetic moments and charpes, namely

Fé(w) = Zj Ox* (@) M (@). X

F(a)) is a 4N-component vector (with N the number of sites) with elements

, _33,”,(@) e {xs Y. z}
Fiy=11_ (2.9)
Eﬁn,-(w) H=c

including both spin and charge (¢) components. Likewise M (@), which acts as a generalized
total field, has elements

hip(w) = ahx‘p("’) - Uas‘ip,(")) weix,yz}
M@ =1 1 _ (2.10)
—EUan,-(cn) H=c.

The 4N x 4N matrix x(w), with elements °x/;" (@), is the UHF susceptibility matrix,
including in general spin-spin, charge—charge and spin—charge response functions. With
the operator (;, defined by

—Sip @€ {x, ¥ z}
Oiw=11 2.11a)
Shi H=c

2
according to whether spin or charge components are considered, ®x/” () is given by

OxE¥ (@) =2i f g0 O (D), Op10). 2.115)

This is readily evaluated in terms of the eigenvalues and eigenvectors of the UHF H°,
equation (2.1), and yields

0. nv (ig — 1 t
X (@) =2 Z Eﬂ) + T Ak A (A0 A 2.12)
where 5 =04, Ry = 0(EF — Ea) is the occupation number of single-particle state ¢t in the
UHF state, and for ¢ = ¢ we define 67, = —18,0,.-

Equation (2.8) describes the dynamic response of the UHF state to the total field. Of
direct physical relevance, however, is the response to the externally applied magnetic field.
This follows directly from equations (2.8,10):

Fr) =" x" (@) *h" (@) @.13)

[H

with the 4N x 4N Hermitian susceptibility matrix x(®) given by
x (@) = [1— U %@)Q]™" *x(w) (2.14)

where @ is diagonal, with Q' = 8,,8;; for 4 € {x,y,z} and QF = —8,,8; for p = c.
Equation (2.14} may also be obtained diagrammatically by consideration of the analogous
time-ordered particle~hole Green functions, within the random phase approximation (RPA)
{16]. The linear response of any UHF state to an arbitrary external magnetic field is thus
given exactly by the RPA susceptibility.

Equations (2.12) and (2.14) are the basic RPA equations. From (2.12), knowledge
of the UHF state alone (the {E,} and {aixo}) enables a determination of %y (w) for any
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w. x(w) then follows from (2.14), which is also practically convenient since, with {1, }
and {V}} denoting respectively the eigenvalues and eigemvectors of the matrix product
Ov'(w) = Ox(@)Q, Eq. (2.14) reduces to

3‘?

X5 (@) = {8ux + Buy + 80z — avc}z T V" (2.15)

- Thus, for given w, diagonalization of the 4N-dimensional Oy’ () is sufficient to determine
the RPA x{w), hence circumventing explicit solution of the conventional RPA eigenvalue
problem of dimension O(N?), and in consequence permitting study of much larger system
sizes (N) if, as with disorder present, the problem must of necessity be solved at a finite-size
level. Collective excitations occur at frequencies corresponding to the poles of x(w), ie.
from (2.15) at @ values such that 1 — UA, (@) = 0, which may thus be found pointwise
[17].

Most importantly, the mean-field (UHF) state is stable against particle-hole
excitations—and thus a true minimum on the Hartree-Fock “surface’—provided the poles of
(@) occur solely on the real w-axis, or equivalently provided the static v(0) has no negative
eigenvalues, i.e. from (2.15) provided i, < Ut for all Ay = 0). In a broken spin
symmetry regime there will of course be zero-energy Goldstone modes (max A, (0) = U™!)
corresponding to global spin rotations of the mean-field spins: three such for a Heisenberg
spin UHF solution (with non-collinear local moments); and two Goldstone modes for an
Ising spin solution with fully collinear local moments.

2.2. Ising-like mean-field states

The UHF+RPA equations above are general, and possibly deceptively simple, With a
Heisenberg spin UHF solution, for éxample, spin and charge excitations are inherently
coupled, with no partitioning of the susceptibility tensor x*(®). However, the problem
simplifies somewhat for an Ising-like UHF solutlon with wholly collinear local moments
lying in the z-direction.

First, the self-consistent UHF smgle-part:cle states are pure spin-orbitals, |W..} =
¥ Glac|is); and H® (equation (2.1)) becomes spin separable, H° = Y~ H?, with H?
(such that Ho‘?['l’w) = Eu¢|¥as)) given by )

!
Hy = E oty — E _',ruchfa- . , (2.16a)
i 2%}

Here ¢4, the effective o spin site energy for site i, is given by _
€ig =& + Uiy = g + 1UA; —op] (2.165)

in terms of the local charge #; (as in (2.25)) and the sole (z-) component of the local
magnetic moment, .

ph; = 28, = fizp — Agy. | ' ' (2.17)

Secondly, transverse spin excitations decoupie from longitudinal spin and charge
excitations, the resultant RPA x*'(w) partitioning into two disjoint 2N x 2N sectors. The
Jlowest-lying excitations about the UHTF state occur in the transverse spin sector, x*'(w) with
it € {x, ¥}, on which we focus. Purther, with a trivial transformation from local magnetic
fields &;./hjy to hjx = hjx & ikyy, the transverse susceptibility itself separates into two
disjoint N x N blocks, x ™t (w) and x*~ (), each of which (for @ = 0) contain a single
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Goldstone mode provided the UHF state is particle—hole stable. The resultant x~*(w) is
given simply by the more familiar RPA form

x o) =1-U ") "% (@ (2.18)
with the corresponding UHF %y~ (w) given by
00
@ =i [ d BO0IS-0), 5:100 2.19)
—0
and thus by
~+ (g TiatGjutdig) digy Bier) Ol D1 Aipt } (2,19
) = a;ﬁl(Em*Em)—w—fn (Eay — Epy) +w+in @196)

in terms of the eigenvalues {Ey,} and (pure real) eigenvector coefficients {ay,,} of the Ising
spin Hamiltonian, equation {2.164).

Finally, excepting the w-poles of %x+(w) (which do not coincide with those of
x~Hw)), Ox~+(w) is a real, symmetric N x N matrix; and for any such @ may thus
be diagonalized by an orthogonal matrix v such that ®x~*(w)v, = Ayv,. From (2.18) the
RPA x~*(w) is also diagenalized by vy, with eigenvalues A, /(1 — U1,), whence

X @) = Z L m 2.20)

is the Ising-like analogue of equation (2.135).

3. Magnetic phases

Self-consistent UHF was vsed recently {8] to find locally stable, inhomogeneons mean-field
ground states for the %—ﬁiled Gauvssian site-disordered model on a simple cubic lattice. For
any disorder realization at a chosen point in the (A, I7)-plane, the mean-field ground state
was determined on energetic grounds. The bulk magnetic character of UHF solutions is
determined by magnetic ordering of the local moments ; = 28;;, reflected in the relative
phases of the {i;} as characterized by the spin density (7]

Sy(k) = N1 prexplik - Ry). @30

For all (A, ) studied, the local moment phases were found to be Ising-like; with
5% = 5;(0) = 0; and three distinct magnetic phases occur [8]: disordered paramagnetic
(P) antiferromagnetic (AF) and spin-glass-like (SG) phases. In the non-interacting limit
U= - 0, the ground state is trivially paramagnetic (u; = O for all sites £). For all U >0, in
the A = 0 pure Hubbard limit, and becanse the simple cubic lattice is bipartite, the UHF
ground state is a pure two-sublattice Néel AF [18], with |5, (k)| = &g «]u) where |1) = |p;]
is the sublattice moment magnitude. Within the (A, I7)-plane, at sufficiently large U the
UHF ground state is a disordered AF: {S;(k)| is clearly dominated by a strong k& = & peak,
with magnitude somewhat less than but on the order of the mean moment magnitude per
site, || = N1 ju;|. For smalier interaction strengths an SG phase results: |S, (k)|
shows small peaks at numerous k-vectors, with none dominant and no hint of long-ranged
order, and the P phase is found to persist at sufficiently weak interaction strengths. The
resultant UHF phase diagram in the (A, I)-plane (for N = 512 sites [8]) is shown as part
of figure 1. Metallic/insulating phase boundaries are also indicated, consisting of metallic
(M), zapless insulating (F) and gapped Hubbard insulating (HI) phases; full details are given
in [8]. :
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07{ AFHL [ AFI

00 01 02 03 04 05 06 07 08
A—s
" Figure 1. Mean field phases in the disorder-interaction plane, (A, U). AF: antiferromagnet; SG:
spin glass; P: patamagnet; M: metal; I: insulator; HI: Mott-Hubbard insulator. Crosses show
the phase boundary to local moment formation, and the AF-SG transition boundary, deduced
from the present study.

The magnetic phase boundaries of [8] were obtained simply by direct sampling of a
wide range of possible self-consistent UHF states. No atternpt was made to study directly
transitions between different phases, and the results were not always unambiguous: for
example, it was not clear whether a direct AF-SG transition occurs. Here, we thus consider
first the magnetic phase boundaries via a stability analysis at RPA level, beginning with the
phase boundary to local moment formation coming from the paramagnetic regime. °

3.1. Local moment Sformation

The paramagnetic (P) phase is confined to weak interaction strengths (figure I), but its
occurrence over a non-vanishing U interval for A = 0 accords with the expectation
that disorder, in removing the Fermi surface nesting characteristic of the unperturbed
(U = 0 = A) lattice, will lead to a P regime for sufficiently low a, analogous to the
%-ﬁlied pure Hubbard model on non-bipartite cubic lattices [19]. The HF solutions here
are of the restricted type, and the phase boundary to local moment formation is obtained
readily using equations (2.18,20) for x V(@ = 0) (henceforth denoted ). Namely, for
any given disorder realization at a chosen A, increase U from the non-interacting limit and
find the critical interaction strength U,(A) for which the largest eigenvalue, max(hy ), of ®x
becomes equal to 1/U, signalling an instability of the paramagretic (restricted) mean-field
solution to a broken symmetry local moment phase. Then (and only then) examine the
variation of U.(A) with different disorder realizations at the chosen A.

The results of this are indicated by crosses on the phase diagram, figure 1; and the
variation of f’c(ﬁ) with disorder realizations is small, within ~ +0.02 of the mean for all
A. Full agreement with the UHF phase boundary is clearly found (in all cases within error
bars). Further, Fourier resolution of the Goldstone eigenvector {v;,} at the instability point
shows essentially eniform contributions from most k-values, i.e. the transition is to a SG
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phase, again in agreement with the mean-field results. In fact, this occurs for disorders as
low as A = 0.005, suggesting that for all A > 0 an SG moment phase is first accessed.
The above procedure conirasts with a common approximation (see e.g. [S]} in which,
instead of sampling individoal disorder realizations, an attempt is made to infer the phase
boundary to local moment formation via an approximate calculation of the disorder-
averaged susceptibility matrix ¥. Disorder averaging restores translational invariance, and
if equation (2.18) is iterated in powers of %y, and all fluctuation moments (%x — %)™
neglected, then Fourier transformation of the resultant % yields the algebraic expression
Xk)y = %%(k)/(1 — U°%(k)). This (k) must diverge at a single k-vector—for any
disorder A. In fact, it predicts [5] that the local mement phase first accessed with increasing
U is always an AF, k& = r, with the critical U,_-(A) increasing with increasing disorder. This
is strongly at variance with the correct result, pointing to the importance of disorder-induced
fluctuations in %x and the inapplicability of a generalized Stoner criterion.

3.2. AF and SG phases

Local moment formation, and hence the P-SG boundary, is thus accessible via the restricted
HEF states appropriate to the P phase (which we note appear to be the sole UHF solutions in
the paramagnet [8]). However, equations (2.18-20) apply equally to the magnetic phases
provided the underlying broken symmetry UHF states are stable, i.e. provided A, < U~}
for all modes y other than the characteristic Goldstone mode, max(A,) = U -1, An RPA
stability analysis may thus also be applied to the AF-SG phase boundary in fipure 1.

To this end we note another helpful limit of the %-ﬁﬂed site-disordered model. Namely,
for any finite disorder, A, and in the strong-coupling limit U — oo (in practice U > A),
the model reduces to the non-disordered pure AF Heisenberg model. Thus, for any disorder
realization at a chosen value of A, the disorder is effectively ‘switched on’ as I/ is decreased
from strong coupling. This enables properties of the self-consistent mean-field states to be
tracked continuously in &7 through the disordered AF and towards the SG phase, with the
mean-field ground state recalculated self-consistently at each successive I/ point.

To illustrate this, figure 2 shows S;(k = =) against {7 fora single disorder realization

0'15— /—/
§ o1l SG > | < AF >
b
5

0.05-]

00 T T T T 7 7 1

24 25 28 27 2.8 2.9 3.0 3.1
U/t

Figure 2. &;(x) against U for a single disorder realization at A = 0.25, showing the
antiferromagnet/spin glass transition.
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at A = 0.25 (and for N = 216 sites). S,(k) is defined by
5.0 = 15001/ Y 15001 N
&

with S;(k) as in equation (3.1). S (7) may be regarded essentially as the AF order
parameter, and for the pure two-sublattice Néel AF occurring at A =0, S(k) = Bk -
As U is decreased through the AF phase, S,(7r) decreases continuously. That the state
is indeed AF is confirmed from the full & dependence of S;(k), which is dominated by
k = 7 as described earlier; and the fact that &;(w) < 1 simply reflects that the AF, while
exhibiting long-ranged order, is increasingly ‘dirty’ due to the disorder, see also [8]. At
a critical interaction strength, U, = 0.228, the AF state becomes unstable and changes to
a SG phase; S,(r) correspondingly undergoes a discontinuous change at ¥, to a smaller
value characteristic of the SG (whose scaling with system size, N, we examine below).

In tandem with this behaviour, the largest eigenvalue Ay, = max{i,) of the static
UHE susceptibility matrix % (see (2.20)) is precisely 1/U in either broken symmetry
phase; this reflects both the presence of the characteristic Goldstone mode—corresponding
to a global spin rotation which preserves the relative phases. of the mean-field spins—and the
particle~hole stability of the mean-field states. Note that while the AF Goldstone mode leads
throughout the AF phase to the expected divergence in the (@ = 0) staggered susceptibility
x(k = ), in neither phase alone do the Goldstone modes confribute to the corresponding
uniform susceptibility x(k = ), since the spatial Fourier transform of the Goldstone
eigenvector {v;,} is readily shown to be proportional to S,(k), and S = 5,(0) = 0
for all Ising-like UHE solutions. However, as I/ approaches from either phase the transition
point at 7., a second mode A, tends to 1/U, from below, signalling the AF<>S8G transition
evident in figure 2 (and enabling thereby an accurate determination of the critical T.).

At the first-order transition point there are thus in effect three soft modes: one Goldstone
mode for the AF (7 = U,+), one Goldstone mode for the G (U = U,—) and a third soft
mode which interconnects the AF and SG solutions. The latter leads to a divergence
in the uniform x(0) as U — U, namely x(0) = A|U/ — U,|™* with an exponent g = 1
determined from careful numerical analysis. We do not, however, believe that the divergence
will itself survive the therrnodynamic limit, since the soft-mode eigenvector {vj,}—which
interconnects the AF and SG solutions via a global but non-phase-preserving spin rotation—
has weight on at least as many. k-vectors as contribute to S,(k) for the SG phase; and if (as
shown below) §,(k) is of order O(N™!) in the SG, we expect the susceptibility divergence
to be washed out in the thermodymanic limit,

An AF-8G transition thus indeed appears to occur, and to be first order, and the
behaviour described above occurs for each disorder realization at any chosen A, although
at the finite-size level there is somewhat more variation in U7, (A) with disorder realizations
than in the P—SG case, up to ~ &:0.04 from the mean at larger & > 0.5. With this procedure
we find thereby the AF-SG phase boundary indicated by crosses in figure 1, which is in
good agreement with that inferred from the indirect approach of [8].

Finally, we comment on the scaling with-system size (N) of &,(%) in the SG phase,
noting first that, in an AF regime, &5,(7) (as shown in figure 2} does not show a significant
variation with N. As remarked above, however, the SG &,(k) shows small peaks at
numercus k-vectors, with none dominant. By way of “illustration, figure 3 shows, for
A=025and U = %, a logarithmic plot of the N dependence of the disorder-averaged
S, (k) at each perniitted non-zero k-vector, and for N = 64, 216, 512 and 10° sites. From
the straight line with gradient —1 (indicated on the figure) it is clear that S,(k) ~ O(N 1)
for all k, as indeed expected for a SG phase.
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Figure 3. At (A, In = (%, %) in the G phase: InS,(k) for each non-zero k-vector versus
InN, for N = 64, 216, 512 and 10° sites. The straight Jine shown has gradient —1I.

4. Inhomogeneous magnetic response

Qur aim here is to examine at RPA level the magnetic response of the disordered local
moment phases on an inhomogeneous scale, focussing in particular on a site differential
resolution of the bulk susceptibility into its local components.

To this end we consider specifically application of a static, uniform field to the
system, and (see section 2.1) define components of the uniform static susceptibility via
xi’ = N713, x{}’. Due to net charge conservation, xi“ = 0 (see (2.11)); thus, only
the magnetic sector of xi is non-zero. Whether the stable UHF solutions are Ising-
like or Heisenberg-like, the presence of Goldstone modes in the magnetic sector implies
that, under the applied field, the mean-field spins undergo a global (spin flop) rotation
such that the overall response in the field direction is equal to the largest eigenvalue
of the matrix {x+”}, thus minimizing the second-order field contribution to the energy,
AE/N = =3 3, huxi"h, (where R here denotes the applied field). For the particular
case of Ising-like mean-field states, appropriate to the site-disordered model, x/" is diagonal
with components y;+, x7~ and x3*. Throughout most of the phase plane, x;+ » xZ%,
whence the spin-flop transition is such that the Ising spin-axis lies perpendicular to the
applied field. Thus, only the transverse static susceptibility x,* = x;/~ = x, is probed;
and on this we focus.

Electron interactions, in leading to local moment formation, and disorder in producing
a range of local site environments, naturally result together in a spatially inhomogeneous
distribution of local mean-field magnetization and charge. As mentioned above, this is true
even in the predominant AF phase: although the {t;} are ‘phase locked’ to produce net AF
order, the moment carrying sites are distributed randomly in space, and disorder leads to
a strong site differential distribution of local moment magnitudes. As discussed in [8], the
site moment magnitude |iz;| is governed largely by the bare site energy €, which may be
considered in effect as a “window’ on its local environment, and sites with bare site energies
l&l S %U = Er are found to camy the strongest moments, while those outside this range
carry progressively weaker moments, being predominantly doubly occupied by electrons
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(e < m%U )} or empty (&; = %U ). Accordingly [8]. the inhomogeneous distribution of
local magnetization is generally well characterized by [p{€)| = N;‘ Zs:e.:e ls], the mean
moment magnitude per site of given site energy ¢ (with N, the number of such sites, given
via N./N = g{¢) de). We seek now to study the analogous site differential resolution of

Xu-

4.1. Site-disordered model

To probe the inhomogeneous magnetic response of the system, and relate it to the mean-
field local moment distribution j(e€)], note that the bulk static y, may be written as

=N Z,- Xi» Where x; (= x,-""') given by x; = Ej xi; is the local RPA susceptibility
of site i, and we deconvolute x, as

%= [ 1@ de )
wherc for any disorder realization at the chosen disorder A,
XE©=N13"x “2)
ig;=e

is the mean local susceptibility per site of given site energy €. x(¢) thus embodies the
inhomogenecuns response of the disordered local moment distribution, itself reflected in
|pe(e)]. To illustrate the effect of dlsorder on x(e) we consider a fixed interaction strength
U= 1, with mcreasmg disorder A = 3, 4, 2 Figure 4 shows x(e) and [p(¢€)| against
& = ¢/B for A= 1 (@, L (b)and (c), averaged over a number of typical disorder
realizations for N = 216 sites. To reIate this parameter range to that of the metal{gapless)
insulator transition (MIT), figare 1 shows that at A = 1 the system is a gapless insulator,
while by A = } the system is well within the metallic reg'une, and as A is increased further
an MIT at A =~z 0.56 is approached.

At low disorder, A = %, the system’s response is rather uniform: the vast majority of
sites carry strong local moments, and x(e) for such is close to the A = O pure Hubbard
limit of 0.39/r (where x; = x, for all sites i, whence x{e¢ = 0) = x, = 0.39/7). In
addition, ¥ () is only slightly enhanced over the local Pauli susceptibilities appropriate to
the non-interacting but disordered limit, where x (¢} = D(e; Er), the local density of Fermi
level states also shown in figure 4. However, as clearly shown by figure 4, increasing
disorder leads to a strong, site differential enhancement in the local susceptibilities. The
enhancement is greatest for €] < 1U —i.e, the strong-local-moment sites—and occurs even
though.the mean-field local moment profile |p(€)| itself varies little with disorder. This is
already evident by A= — in the metal (figure 4b) but it increases markedly with disorder
until (figure 4c) by A = %—close to the MIT—y (¢) for the strong-local-moment sites is
more than an order of magnitude larger than either that for the A = 0 or U = 0 Iimits;
and is sxm1lax1y in excess of the ‘Pauli-like’ x(¢) values typical of non-moment sites with
&l 2 ‘
Tfus bchawour has a ready physical explanation. That x(e) is largest on strong-local-
moment sites reflects appreciable overlap of low-w collective transverse spin excitations
on these sites, as is evident from the Lehmann representation of x;(w). Direct analysis
[20] of the low-w poles of x () shows these to be spin-wave-like for the (ﬁ, ) values
in question, and hence naturally associated with the strong-moment carrying sites, and the
disorder-induced enhancement in x (¢) .thus reflects a progressive softening of the low-w
transverse spin spectrum with increasing disorder.
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¥igure 4. Distribution of local susceptibilities x(¢) against € = ¢/B (solid lines), for U= -%
and A = § (2) 1 (b) and § (). Also shown are the corresponding local moment distributions

{e£(e)| (dashed lines) and the non-interacting {7 = 0 Pauli local susceptibilities (dotted lines).
Note the change of vertical scale in ().

What effect is the above behaviour likely to have on observable properties of disordered,
interacting systems? Consider two complementary probes of the magnetism. The total
uniform spin susceptibility, probed for example by ESR methods, is simply the sum of all
md1v1dual local susceptibilities; see (4.1). In the present case, as A is increased towards the
MIT, the bulk ¥, increases, since the marked enhancement in y (¢) for strong-moment sites
more than compensates for the diminishing fraction of such sites. (Recall that while the mean
local moment magnitude per site of given €, |u(€)|, varies litfle with A, the overall fraction
of strong-moment sites ~ 2 ur g(€) de, and thus decreases progressively as the disorder
is increased.) A complementary probe of local magnetism is the Knight shift in an NMR
experiment, the local Knight shift under the electron-nuclear contact interaction, X;, being
proportional to the local site susceptibility, x;. Clearly, therefore, inhomogeneity in the local
susceptibilities {);}—as reflected in x (¢)—will lead to a distribution of local Knight shifts,
with sites carrying the strongest local moments experiencing the largest signal displacement.
In practice, however, an NMR spectrometer hag a finite field range, outside which resonances
are not detected; this range is typical of Pauli-like susceptibilities. The findings above thus
imply that, as disorder is progressively increased in the metallic regime, the very sites
which dominate the observed bulk susceptibility x, may be completely projected out of
the detected Knight shift signal, which will thus by contrast be dominated by the Pauli-like
¥ (¢) of sites outside the local moment range.

This behaviour is gualitatively close to that observed by Alloul and Dellouve [21]
for low-temperature Si:P, as the phosphorus number density p is decreased progressively
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in the metallic regime, towards and through the MIT occurring at a entical density
p: 2 3.8 x. 10'¥em™3. The measured butk spin susceptibility is progressively and strongly
paramagnetically enhanced over the non-interacting Pauli value (the enhancement beginning
at p ~ 2p.). By contrast, a steadily diminishing fraction of spins is picked up in the
average detected 3'P Knight shift (K}, which falls off rapidly but continuously as the MIT
is approached and crossed. The authors themselves ascribe this behaviour to the ‘projecting
out’ of an increasing fraction of P sites—intuitively, those carrying sttong local moments—
as p is decreased towards and through p,. The site-disordered Anderson—Hubbard model is
not of course directly applicable to Si:P, which is well caricatured by a spatially disordered
AHM [10]. To ensure the findings above are not specific to the site-disordered case, we
have therefore carried out a preliminary study of the spatially disordered system, on which
we now briefly report. ’

4.2, Spatially disordered model

The Hamiltonian for the spatially disordered system is:
F
H= —-Z tfjrc!.a'cfo' +U Zn,-.,.ni-._. (4.3)
(53 i

o

Here the quenched disorder occurs in the distribution of hopping matrix elements, #; =
t(Ry;) with R;; = |R; — R;|, arising from spatial disorder in the site (‘P*) centres of mass
{R:}. t;; is taken to be of the form ’

t; = t(1 + Rij/ap) exp(—Rijfag) (4.4)

with ay the effective Bohr radius; specification of any {R;} prescribes a particular realization
of the {z;}. The model is again-characterized by two parameters: the scaled interaction
strength U /#;, and the reduced density measure a% = p%ay. The band 1s again half filled.

The model is treated essentially as before. For illustration we choose U/ = 5/8 (a
reasonable choice for Si:P), and study a density regime spanning the MIT. A previous HF
study [10] of the model has shown clearly the instability of the disordered Fermi liquid to
local moment formation, via analysis of restricted HF states; but since these non-magnetic
solutions are found to be unstable for all densities studied, consideration of broken symmetry
UHF is a necessary prerequisite to the study of the magnetic response of the disordered
local moment phase.

In the 7 = O non-interacting limit the critical value of a} for the Anderson MIT is
known to be [22] aF = 0.22. From study of the inverse participation ratio for systems of
several hundred sites, similar to those used [8] for the site-disordered model—and eschewing
the question of particle-hole stability of the broken symmetry UHF states, to which mean-
field properties such as e.g. the ipr and distribution of local moment magnitudes are found
to be insensitive (see [8])—we estimate g} = 0.28 for U/1y. = 5/8; the precise value is not
however central to the following analysis. )

To study the magnetic response, it is of course imperative that the UHF solutions are
particle-hole stable. These are almost invariably Heisenberg-like, with non-collinear local
moments whose magnitudes we continue to denote by |u:| (= (Zor .i?a)%). Figure 5 shows
the resultant probability density P(|p]) = N1}, 8(|u:] — |p|) for a wide density range
spanning the MIT, From this it is clear, as expected physically for the spatially disordered
system (and in contrast to the site-disordered model), that with increasing disorder—
decreasing density—an increasing fraction of sites carry strong local moments. For example,
the fraction of sites with |u;| > 0.5 is ~16% at g* = 0.35 and ~25% at ¢* = 0.3 (tising to
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Figure 5. Probability density of local moment magnitudes for the spatially disordered model,
P(|u) against |u|. For U/ = % and g* = piay =0.35 (a), 0.30 (b}, 0.25 (c) and 0.15 (d).

~45% at a* = 0.25 in the insulator); for |u;| > 0.75, the correspending figures are ~1%
and 6% (and ~20%).

Due to the slow convergence rate of the iterative self-consistency procedure for UHEF
solutions which are Heisenberg-like, and the need to sample many disorder realizations at
any chosen a*, system sizes of only N = 50 sites were employed; this is small, but sufficient
to make the principal point. With the resultant mean-field solutions, the total uniform
static susceptibility may be calculated, accounting carefully for the spin flop transition as
described at the beginning of section 4. The total uniform static susceptibility is again given
by % = N71 3, x:, where the comesponding local susceptibility x; = }_;[m” xml; with
m the eigenvector corresponding to the largest eigenvalue of {x."].

For the site-disordered model, local susceptibilities were studied via x(€), the mean
local susceptibility per site of given site-energy €. In the spatially disordered problem there
is no such easy measure of ‘local environment’, but one does expect intuitively that the
larger the local moment of a site, the greater will be its typical local magnetic response. In
analogy to equations (4.1,2) we thus deconvolute x, as

1
Ya =-f0 XD P(b dlz] 45)
where, for any disorder realization at the chosen a*,
x(uh =Nyl > % (4.6)
ISP

is the mean local susceptibility per sife of given local moment magnitude |u|, and N,
(such that N, /N = P(|u|) d[p]) is the number of such sites. The |u| dependence of
% (|£]} thus reflects the inhomogeneous magnetic response of the disordered local moment
distribution, itself embodied in P{jul).

Figure 6 shows the resultant x (|1t|) against |u| for * = 0.35 and 0.30. The system is
metallic in either case, the former corresponding to a density of around twice that for the
MIT, the latter to about 25% in excess of p.. As with the site-disordered model, strong site
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Figure 6. Local susceptibilities x (|j4]) against |x| for the spatially disordered model, for
a* = 0.35 (a) and 0.30 (b), both in the metallic regime, The Panli susceptibility for the
corresponding non-interacting electron gas at the same a* is marked on the vertical axis.

differential enhancement of the local susceptibilities is again evident: x (Ju[)} for the strong-
local-moment sites is well over an order of maguitude larger than the Pauli susceptibility for
the corresponding non-interacting electron gas at the same a™, as marked on the vertical axis;
and is even more largely in excess of x(|x) values typical of the statistically predominant
low-| ] sites (although we note in passing that x {)z|) for these sites will be underestimated,
since for any finite-size system in the non-interacting or restricted HF limits, the zero-
frequency y; values calculated directly via equations (2.12,14) are strictly zero, see also
[5D)-

In the spatially disordered case too, therefore, strong site differential magnetism is
evident, resulting in a strongly inhomogeneous distribution of local Kpight shifts. With
decreasing density, an increasing fraction of the strong-local-moment sites will clearly be
projected out of the detected Knight shift signal, and w1ll also contribufe to the progressive
enhancement of the total yy,.

In contrast to the site-disordered model, however, there is a further important
consideration in the spatially disordered system. It has been argued [11] that low-
temperature thermodynamics in the metallic phase—focusing in particular on the magnetic
susceptibility—is dominated by localized spin excitations in very rare spatial regions. The
basic idea {11] is that at any mean number density o, tare statistical density fluctuations lead
to a non-vanishing probability of producing an isolated spin in a region of radius r > p’#,
which is sufficiently isolated from the rest of the system that its exchange coupling to
conduction electrons'is exponentially small; and that the resultant local moments remain
unquenched (by the Kondo effect in particular) down to the lowest temperatures, whence
such rare sites dominate the bulk susceptibility at low T'. Support for this view comes also
from recent work [23] on a spatially disordered single-impurity Anderson model.

The present study does not of course consider the Kondo effect (and is for T = 0). Itis
however statistically very unlikely that we produce these rare density fiuctuations in the small
finite-size calculations above: such quasi-isolated sites would show up as haviag a local
moment |x;| exponentially close to unity, with a massively enhanced yx; and an extremely
low-frequency, localized spin excitation in the corresponding RPA spectrum. Were we to
detect them, they would overwhelmingly dominate (and almost certainly overestimate) the
bulk ., even though they would constitute but a rather small fraction of sites carrying
significant local moments. Although we do not pick up these rarest sites, which will
dominate y,, we believe it likely that the large enhancement of the local susceptibilities
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for the strong-local-moment sites that we do observe will be important in determining the
fraction of sites which are projected out of the detected Knight shift. Support for this
resides in the observation [21] that, for p in the vicinity of g,, some 50% or more of 3P
nuclei are projected out of the detected Knight shift, with those that are detected being
rather insensitive to T; whereas by contrast some 5-10% of local moments dominate bulk
thermodynamic properties (see e.g. [23]) in strongly T-dependent terms.
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